We investigate the magnitude of the forward-futures differential, also known as the convexity adjustment, for Eurodollar interest rate instruments and attempt to identify factors affecting its size using an extensive sample for the 1988-2007 period. The innovative feature of our analysis is that the construction of the differential is extended from using rates for maturities up to twelve months as in previous published research to rates for maturities up to three years through the use of highly liquid swap rates. To our knowledge, this is the first empirical study that attempts to evaluate the interest rate forward-futures differential for maturities longer than a year. Opposite to theoretical implication, we find that the magnitude of the forward-futures rate differential is much smaller than what was expected, and that its sign is negative on many occasions. We further check for potential data skews and other imperfections that may be behind the obtained results and find that neither asynchronicity bias, nor the unconventional feature of the Eurodollar futures pricing can explain the observed phenomena. The term structure interpolation error and the two business day lag between the fixing (settlement) date and the transaction (value) date to which the implied forward rates and prices are applied cannot be attributed to the observed abnormality either. We also find that if the regression analysis is conducted for the price differential instead of that for the rate differential, it results in a much better goodness-of-fit. However, the negative nature of the differential is not captured by the default factor proxied by the TED spread and remains largely unexplained. 
Introduction
In this paper we intend to take a closer look at the difference arising from the pricing of interest rate forwards and futures known as the convexity adjustment. Futures contracts are marked-to-market daily while forward contracts are fully settled at expiration. Theoretical literature starting with Cox et al. (1981) argues that under certain conditions different cash flow patterns of the two contracts must result in different prices and rates implied by those contracts. In the stochastic interest rate environment, futures rates will exceed their forward counterparts. If futures prices are positively correlated with interest rates, then futures prices will exceed forward prices as well. Previous empirical literature concentrated on the relationship between forward and futures rates and prices and considered data limited to LIBOR rates where the latter have maturity up to 12 months 1 . This paper extends the maturity horizon up to three years by using swap rates reported by Bloomberg to construct a LIBOR/swap yield curve using an exponential interpolation technique. To our knowledge, this is the first empirical study that attempts to evaluate the interest rate forward-futures differential for maturities longer than a year.
The use of reported swap rates in order to extend the spot yield curve is fully justified since they are for a highly liquid market and the bid-ask spread rarely exceeds one basis point.
Using derivatives rather than bonds for hedging purposes is generally considered more efficient since the interest rate futures market is highly liquid and short positions may be easily taken. The enormous volume of trading in interest rate futures is a reflection of the magnitude of the widespread use of such techniques. The three-month Eurodollar futures are contracts with a three-month US LIBOR as the underlying. Such contracts are traded on the Chicago Mercantile Exchange. Each contract has a face value of $1,000,000 and represents the offer interest rate on an interbank three-month deposit.
The major difference between futures and over-the-counter traded forward contracts is that futures are subject to margining. Margining is a process of closing an existing contract at a closing (settled) price at the end of the trading day and writing a new but identical contract at a new (closing) price. The difference between the closing price of the contract on the previous trading day and its closing price today is paid or received at the closing time today using a margin account. The difference in the pattern of the stream of cash flows between forward and futures contracts arising from margining is believed to add extra value to a futures contract since profits obtained from margining can be reinvested daily at a higher rate, while the losses from it can be financed at a lower rate.
This difference in price or rate is often referred as a convexity adjustment.
Empirical investigation of the convexity adjustment may be prone to a series of measurement imperfections making the results subject to a bit of skepticism. Indeed, when the value of the differential is often expressed in single digit basis points 2 , even a seemingly small skew in a data sample used or a measurement methodology applied can substantially affect the results and alter the ultimate conclusions. Interpolation error, asynchronicity bias and the way maturity length is measured are only few of such examples. Another issue that has taken a central stage recently but has not been addressed in early empirical studies is the fact that interest rate futures are priced and settled in an unusual manner resulting in the existence of the difference between a forward price and a respective futures price even on the day of expiration. This observation would lead one to suggest that the results of the convexity adjustment analysis and its conclusions may very well depend on whether such analysis is conducted rate-wise or price-wise. The purpose of this paper is to demonstrate how different such results would be provided that we account for most significant measurement imperfections in order to eliminate their influence on our conclusions.
We find that for the extended range of maturities, the magnitude of the futuresforward rate differential remains small and on many occasions it is negative, opposite to theoretical implications. Changes in average differential across maturities are negligible.
Asynchronicity error cannot explain the observed phenomena, nor can the unusual pricing feature of Eurodollar futures or the two business day lag between the settlement date and the value date of the forward contract. If measured as the forward-futures price differential, the average convexity adjustment is still of tiny value but the number of negative occurrences in the sample drops significantly suggesting that the unconventional pricing characteristic of the Eurodollar futures is positively related to the value of the price differential. Regression analysis performed for the rate differential provides dubious results but if the latter is conducted for the price differential, it results in much better goodness-of-fit. Although time to maturity, level of rates and its volatility are positively related to the value of the price differential, the default factor expressed by the TED spread is unable to capture the negative nature of the convexity adjustment which remains largely unexplained.
The rest of the paper is structured as following. Section 2 contains the literature review, section 3 describes how the convexity adjustment is derived from the obtained zero coupon rates and futures quotes. Section 4 is devoted to the description of the yield curve interpolation methods utilized in the paper while section 5 addresses several important issues that arise when interpolation techniques are to be implemented. Section 6 provides data description and analysis, section 7 contains estimation results and section 8 concludes. Black (1976) was first to show that in a world of constant interest rates, forward prices are equal to futures prices. Cox et al. (1981) and Jarrow and Oldfield (1981) discover independently that due to the difference in the form of payments between forward and futures contracts, forward and futures prices may be quite different if interest rates are stochastic. The same is true about forward rates and futures rates. These papers introduce the layout of the theoretical background for pricing futures and forward contracts under the default-free conditions. In reality, forward contracts are subject to a higher degree of default risk by a second party than the futures. Empirical literature finds some evidence of the significant presence of the default factor in the difference between futures and forward pricing. Meulbroek (1992) focuses on contractual distinctions as an explanation for the price divergence between interest rate futures and forward contracts.
Literature Review
She argues that market inefficiencies and imperfections are not the only explanation for the differences in futures and forward prices. According to her paper, if the covariance between fluctuations in futures prices and riskless bond prices is large, marking-tomarket may be an important contributor to the futures-forward price spread.
The presence of the default risk is not the only distinctive feature between interest rate forwards and futures though. The other major distinction lies in the way the futures are prices and settled. The Eurodollar futures contract settles to the 90-day London
Interbank Offered Rate (LIBOR), the yield implied by the underlying asset in the form of the 90-day Eurodollar time deposit. Sundaresan (1991) argues that since Eurodollar futures contract settles to yield as opposed to prices, interest rate forward prices should differ from the futures prices even in the absence of marking-to-market. He modifies principles developed by Cox et al. (1981) for futures contracts on yields and shows that differences between implied forward prices and futures prices arising from the unique settlement feature of Eurodollar futures contracts are much larger than differences caused by the marking-to-market effect. Using the term structure of Cox et al. (1985) to derive forward and futures prices, Sundaresan finds that, first, in all cases, futures prices are lower than forward prices and futures rates are lower than implied forward rates, and second, the differences between futures rates and implied forward rates are much greater than the differences between futures prices and forward prices. To examine the extent to which his results are supported by data, Sundaresan uses daily quotes on Eurodollar futures prices and LIBOR rates for the period [1985] [1986] [1987] [1988] . By choosing to work with three-and six-month LIBOR only, his sample contains only 13 matched 90-day forward and futures prices producing the mean difference between futures and implied forward prices of 50 basis points.
Such conclusions would make one think that results of the convexity adjustment analysis in interest rate futures and forwards would depend on whether the analysis is conducted rate-wise or price-wise. Grinblatt and Jegadeesh (1996) derive a closed form solutions for the futures-forward yield differential and show that, theoretically, the difference should be small. Using data on Eurodollar futures prices and LIBOR over the 1982-1992 period, they observe significant differences between futures and forward prices and argue that these differences are likely to have been caused by mispricing of futures contracts and lack of arbitrage activity, and that this mispricing was gradually eliminated over time. Neither default and liquidity risk, nor differential taxation can explain the differences between the futures and forward Eurodollar rates, while mark-tomarket effect on the theoretical differences is small. Two interpolation methods are used in the paper: a cubic spline fit to the futures rates and another cubic spline applied to the spot LIBOR curve. The first approach produced larger mean values of the rate differential although a notable proportion of occurrences of the rate differential for maturities of three and six months in the second part of the sample was negative. Their assertion about market inefficiency is supported by the results of the analysis of the timeliness of information flow across the markets: while there is no delay in the flow of information from the forward market to the futures market, there exists a delay of information flow from the futures to the forward market. Gupta and Subrahmanyam (2000) examine whether a convexity correction, arising from the negative convexity exhibited by interest rate swaps, has been incorporated efficiently into interest rate swap pricing over time in four major currencies.
They consider swaps with maturities up to five years for US dollar currency and swaps with maturities of only two years for three other currencies 3 . Their evidence is based on small (on average, less than one basis point) values of the introduced swap-futures rate differential and it suggests that during 1987-1990, swaps were priced ignoring the convexity correction but after that market swap rates drifted below the rates implied by futures prices. Such results are interpreted as the evidence of mispricing of swap contracts during the early years which was subsequently eliminated over time.
Combining the results of Gupta and Subrahmanyan with those of Grinblatt and Jegadeesh, one gets an interesting picture. First, futures contracts were mispriced off the spot LIBOR curve, and after that swap contracts were mispriced off the futures curve.
Although the two results do not necessarily contradict each other, it is somewhat surprising to see that during 1982-1987 futures were overpriced relative to forward contracts with shorter maturities while during 1987-1990 swap contracts were overpriced relative to futures with longer maturities.
Using the term structure model developed by Heath et al. (1992) , Chance (2003) conducts an alternative test that estimates the evolution of the term structure that yields arbitrage-free futures prices. The differences between Eurodollar futures and forward prices over the period 1987-2000 are found to be much smaller than in earlier works, 3 Due to poor liquidity of respective Eurocurrency futures contracts for longer maturities essentially, they are not different from zero but are consistently negative, as predicted by the theory. The model considered, however, assumes default-free environment.
Nevertheless, even without the default risk present, such results allow us to infer that the forward-futures price differences attributable to marking-to-market would be even closer to zero.
Empirical research shows that differences between forward prices and futures prices are small for contracts with short maturities but there is no conventionally accepted evidence about what happens to the spread when longer maturities are considered. The aforementioned Gupta and Subrahmanyam's paper mentions that the spread between futures and forward yields due to the marking-to-market feature is expected to be more pronounced in longer-term (over a year maturity) contracts, something that is not supported by the evidence of our results. In our paper we want to make a unique attempt to conduct an investigation of the convexity adjustment within a combined market consisting of LIBOR rates for short maturities and swap rates for longer maturities on one side, and Eurodollar futures market on the other side.
According to several papers that employ various stochastic interest models, the difference between the Eurodollar futures rate and the respective forward rate should increase as a function of interest rate volatility, contract maturity and correlation between forward rates and spot rates (see Gupta and Subrahmanyam [2000] , Hull [2006] and Meulbroek [1992] ). Ho and Lee (1986) 
How Swap Rates, Forward and Futures Rates and Prices Are Measured
A swap rate for a fixed side of the swap with semi-annual payments is defined as its coupon rate (expressed as a fraction):
is the price of a newly issued swap at time t that matures at M, r(t, m) is a spot rate for maturity m observed at time t and F is the swap face value. Note that swap rates in (1) are for swaps where fixed payments are made semi-annually 5 . Since the price of a newly issued swap, if we also consider the face value paid at maturity, is assumed to be equal to its face value, then assuming without loss of generality a unit face value, we can express the swap rate as a function of discount factors: 5 We use example with two semi-annual coupon payments but the general idea of swap pricing is not affected by the chosen number of payments.
(1)
where S(t, 0.5m) is the discount factor at time t applied for maturity 0.5m and it is equal to exp (-r(t, 0.5m) 
We, however, want to extract spot rates or discount factors given the swap rates.
The problem is that if, for example, we consider a five years horizon then normally we know swap rates for maturities of 1, 2, 3, 4 and 5 years only. What's missing are the swap rates for maturities 0.5, 1.5, 2.5, 3.5 and 4.5 years. Swap rate for maturity 0.5 years can be constructed using a hypothetical swap with maturity of six months by employing a sixmonth LIBOR to compute the six-month discount factor. In such case we get
where r(t, 0.5) is the continuously compounded six-month LIBOR. To get the swap rates for other four maturities we need to utilize one of the aforementioned interpolation techniques. Once we obtain estimates of c (t, 1.5), c(t, 2.5), c(t, 3.5) and c(t, 4.5) , we can extract the respective discount functions iteratively. By rearranging terms in the equation Now we can compute spot rates for maturities ranging from 1.5 to five years with six-month intervals. By adding reported LIBOR rates with maturities up to twelve months to the derived spot rates for longer maturities, we obtain our sample of spot rates that will be used to estimate the spot rate term structure using the exponential interpolation method. The reported LIBOR rates must be converted into continuously compounded rates first. Forward rates are obtained using estimated spot rates from the applied model as following: (t, m, m+90 ) is the quoted futures price. The respective forward price is computed from the formula below:
Chance (2003) shows that due to the unusual settlement feature of the Eurodollar futures, the futures price at expiration is not equal to the respective forward price. The critical characteristic of the futures market is that the futures contract is priced as if the underlying were a discount instrument and it causes non-convergence of the futures price and the spot price at the expiration. The forward contract, however, is priced with its underlying as an add-on instrument and convergence is achieved in this case. The By comparing results of the analysis made using prices versus those when rates are used will show us whether the two methods provide consistent results and lead to similar conclusion. It will also be seen whether the non-conventional Eurodollar futures pricing approach contributes in some fashion to the value of convexity adjustment.
Description of Employed Interpolation Methods
Given the set of par yields, we can extract discount factors and respective spot rates. The respective procedure is known as bootstrapping. The problem, however, is that our system is under-determined since it involves off-the-run payments: we have par yields in annual increments while fixed payments are made every six months, therefore, it is not possible to calculate all discount factors unless we know par yields for swaps with maturities of 1.5, 2.5, 3.5, etc. years which is not the case. In such cases the term structure literature suggests the use of interpolation. There have been numerous methods offered to tackle the interpolation issue but there is no ideal, widely accepted technique to rely on. The traditional measures of statistical fit include the root mean squared error and mean absolute error. The former measure is used in Mansi and Phillips (2001) who compare three different yield curve smoothing models, and the latter one is employed by Bliss (1997) (2001) and it was originally proposed as a model to estimate the par yield curve. The former technique was introduced by Nelson and Siegel (1987) and has become very popular among term structure practitioners due to its good fit properties, intuitive appeal and parsimony. It however was also suggested for estimation of the forward and spot term structure, while Mansi and Phillips (2001) After we construct the par yield term structure, we use it to estimate par yields on hypothetical swaps with off-the-run maturities (1.5 years, 2.5 years, etc.). Given these estimated par yields, we shall have the fully determined system and discount factors as well as respective spot rates can be bootstrapped in a simple fashion. Now, after we get (12) the set of spot rates, we can estimate the spot rate term structure by applying one of the The exponential functional form of the term structure can accommodate all yield curve shapes, whether it is upward, downward, or humped. Mansi and Phillips (2001) introduce a functional form to estimate the par yield curve using the observed on-the-run Treasuries. Their model is of the exponential class which is fit by non-linear least squares and it has an easy interpretation. This model is similar to those of Diament (1993) and Nelson and Siegel (1987) The equation (13) consists of a constant term and a sum of two exponential functions. The sign of the coefficient (α 2 and α 3 ) determines whether the respective exponential term is convex (positive sign), or concave (negative sign). The last exponential term has a higher rate of decay. For instance, the humped yield curve will require α 3 < 0 and α 2 > 0, since it is concave to the left of its maximum and convex to the right of its maximum.
The extended Nelson-Siegel model gives the following functional form to the instantaneous forward rate: 6 Both models belong to the class of exponential techniques.
(13)
where β 0 , β 1 , β 2 , β 3 , τ 1 and τ 2 are the parameters to be determined from the optimization procedure. The original Nelson-Siegel forward rate curve that excludes the last term of the expression above can be viewed as a constant plus a Laguerre function, a polynomial times an exponential decay term. The generating function T(t,x) of the Laguerre polynomials is defined as
Given the relationship between the spot rates and the instantaneous forward rates,
, where f(t,u) is the instantaneous forward rate at time u as observed at time t, by integrating the equation for the instantaneous forward rate over m and dividing both sides of it by m, we can get the functional form for the spot rate: and β 1 determines the spot rate at maturity zero; hence, this sum must be positive.
Normally, β 0 + β 1 is restricted to equal to the observed overnight LIBOR or the official repo rate. The value of β 0 , the spot rate with infinite maturity, must be positive as well.
The τ parameters govern the exponential decay rate: a small (large) τ i produces a fast (slow) decay. Also τ 1 and τ 2 determine the maturities at which the loadings on β 2 and β 3 respectively achieve their maxima. For their original model and sample, Nelson and Siegel (1989) suggest that the best-fitting value of τ would be in the range of 50- If applied to spot rates data, the vector of parameters 
The alternative to the price error minimization problem above is to minimize the sum of squared yield errors. In fact, Svensson (1995) points out that minimizing yield errors provides a substantially better fit for short maturities while the two procedures (minimization of squared price errors versus squared yield errors) tend to perform equally well for long maturities. This is because yields for short maturity bonds are much more sensitive to changes in prices of those bonds than yields for bonds with longer maturities.
In some empirical works squared yield or price errors are weighted by a value which is a function of inverse duration (see Jordan and Mansi [2003] , Coleman et al. [1995] and Waggoner [1997] among others). In the case of a zero-coupon bond where duration is equal to the bond's maturity, the weights m j * 's are expressed as The choice of weights related to the reciprocal of the modified duration places less weight on instruments (rates) with longer maturities (higher durations). It allows to achieve a better fit for instruments with shorter maturities by giving up a portion of the approximation for those with longer maturities. However, when the number of considered maturities in the sample rises, this weighting approach may lead to significant errors for the components with high duration.
The entire optimization algorithm can be described as following. Initialize the vector of parameters β . Calculate the estimated (theoretical) spot rates for each maturity in the sample. Compute the (un-)weighted sum of squared yield errors and examine the convergence condition. If the condition does not hold, choose a new vector of initial parameters 8 . Repeat the steps above until the convergence is achieved.
In both models described above, the term structure is estimated using nonlinear least squares and, therefore, the convergence of coefficients to final values will depend on their initial estimates. Therefore, it is important to choose appropriate initial guesses for the parameters in question in order to have a better chance for the estimation procedure to achieve a true minimum of the function. In the Nelson-Siegel model, the long-term factor β 0 governs the yield curve level and it is easy to notice that
The short-term factor β 1 is related to the yield curve slope. It can be checked that
. This is exactly how Frankel and Lown (1994) define the slope. Diebold and Li (2003) define the yield curve slope as the ten-year rate minus the three-month rate. The latter constraint can be replaced by
. The medium-term factor β 2 is related to the yield curve curvature which is defined by Diebold and Li as twice the two-year yield minus the sum of the ten-year and three-month yields.
As for the initial conditions of the Mansi-Phillips model, note first that of α 1 should be close to the par yield on a swap with the longest available maturity (e. g. 30 years). Mansi and Phillips suggest to set the initial condition for α 2 + α 3 to equal to the difference between the observed three-month yield and the thirty-year yield. Also given the available observations, find out the maturity, m * , for which swap rate is the highest in the sample. Use the proposed equation for the par yield to plug r(t, m * ) and m * to get the third initial condition. The last initial condition is to set 0 / ) , (
Ideally, the minimization of the sum of weighted errors is subject to several additional constraints:
The last constraint assures that forward rates are non-negative.
Since the term structure is estimated for each day in the sample independently of other dates, there should not be a place for interaction between successive observations as a result of errors in estimated coefficients. If errors are autocorrelated, it may be due to either misspecification of the functional form, or to the estimation method, or it may suggest market inefficiency. It was first noticed by Nelson and Siegel (1987) that yield errors (regression residuals) are not random but rather seem to exhibit some dependence along the maturity levels. They contribute sharp rises in the average residual yield as a function of maturity to the maturities of the bills auctioned by the US Treasury. In Diebold and Li (2003) , the residual autocorrelations also indicate that pricing errors are persistent. The Mansi-Phillips model that we use to estimate the swap par yield curve also suffers from non-randomness of pricing errors. Bliss (1997) shows that regardless of the estimation method of the term structure used, there is a persistency in errors and conclude that there are method-independent persistent factors that affect note and bond prices that cannot be captured by the pricing configuration. Hence, it is unlikely that the fitted-price errors are purely random.
Some Specific and Subtle Features of the Yield Curve Building
While constructing the term structure of interest rates, several issues must be addressed regarding the choice of appropriate building blocks. First, one should choose mostly non-overlapping instruments since even small differences in implied spot rates or discount factors may result in erratic forward rates. Second, preference should always be given to more liquid instruments with a tighter bid-ask spread since relative illiquidity may cause a problem of synchronization for the times of observation in the sample. Use of Eurodollar futures to construct the term structure is prone to overlapping maturities even if only those contracts that are parts of the regular maturity cycle are considered.
The problem may arise if there is a slight degree of overlap in or a gap between the threemonth Eurodollar deposit periods associated with adjacent Eurodollar futures. Rendleman Svensson assume that continuously compounded annualized interest rates are used for estimation. Therefore, the quoted LIBOR rates and the implied spot rates for longer maturities that are obtained by bootstrapping from the interpolated swap rates must be converted into rates with continuous compounding. The day count applied to the rates must also be changed so that it becomes the actual/365 day count. The formula used for that purpose is identical to that in (6) which is used to convert Eurodollar futures rates: The issue of the choice of the appropriate time grid (the number of yield/price and maturity observations in the sample) have not been fully addressed in the existing literature and there are reasons to believe that the choice of grid may impact the resulting estimated term structure although it is not clear whether the differences in produced yields or prices given different grids will be statistically significant. Moreover, the choice of the time grid is usually constrained by the available data. In the case of LIBOR, it is straightforward to pick all available LIBOR rates as the components of the time grid:
those are LIBOR with maturities from one month up to 12 months (although Grinblatt (21) and Jegadeesh [1996] use 1-, 3-, 6-, 9-and 12-month LIBOR quotations only in their analysis).
The Eurodollar deposit and the swap transaction have the same timing: the rate applied to the transaction is determined on the fixing date while the actual transaction takes place on the value date which is two London business days later. In other words, there is a two-business-day lag between the date when the rate is fixed and the starting date of the LIBOR deposit. If we estimate spot rate and par yield curves that way, the forward rates derived from such term structure will be the rates applied to time intervals starting two business days later than the current date. This leads to a caveat: since changes in mark-to-market futures values result in immediate cash flows and outflows, futures rates are compared to respective forward rates that are applied for time intervals that start two business days later. Therefore, the forward model based on LIBOR value dates and maturity dates happens to be two business days apart from the one based on Eurodollar futures quotes.
In general, swap payment dates and LIBOR deposit maturity dates are determined according to the modified following business day convention. The British Bankers'
Association website says that "the modified following business day convention states that the maturity date is the first following day that is a business day in London and the principal financial centre of the currency concerned, unless that day falls in the next calendar month. In this case only, the maturity date will be the first preceding day in which both London and the principal financial centre of the currency concerned are open for business." This is why one may observe 33 days until maturity for a one-month LIBOR deposit and 367 days for a one-year LIBOR among others. Apart from the modified following business day convention, one more rule must be mentioned. It regards the maturity days applied to LIBOR rates fixed at the end of the month and is referred as the end-end dealing. In cases when a deposit is made on the final business day of a particular calendar month, the maturity of the deposit shall be on the final business day of the month in which it matures, not the corresponding date of the month of maturity. For instance, a one-month deposit for value date of February, 28 of a non-leaped year would mature on March, 31, not March, 28. Choosing incorrect maturity dates for the interpolation procedure may result in magnified interpolation errors making this issue of a particular importance.
Another concern is related to the potential errors arising from the nonsynchronous data in the sample. Few authors augment swap rate data with short-term LIBOR. Dai and Singleton (2000) , for example, use a data set of swap rates for maturities from two to ten years and augment it with the six-month LIBOR rate. The limitation of the available swap data is that the one-year contract represents the contract with shortest maturity. Prior to 1997, the shortest maturity swap had a tenor of two years. The problem with bootstrapping of the swap curve using swaps with semiannual payments necessary to produce the yield curve of zero-coupon rates is the unavailability of par yields on swaps with six-month maturity intervals starting with the six-month yield for the entire range of maturity under consideration. In order to overcome this restriction, for the sample period covering time before January 6, 1997, we convert the quoted six-month and one-year LIBOR rates into par yields of hypothetical swaps carrying semi-annual payments and maturing six months and one year from a current date. For the period from January 6, 1997, we have the data for one-year swap rate available. Therefore, we need just the six-month implied swap rate which is obtained using the six-month LIBOR. Collins-Dufresne and Solnik (2001) show that LIBOR and swap curves need not agree, especially for longer maturities. Jones (2004) examines changes in yields and finds out that one-year swap rate levels are well-predicted by synchronized LIBOR rates which suggests that the maturity of one year is sufficiently short to allow one to ignore the swap/LIBOR spread.
Above all, it remains a question whether different interpolation models used for estimation of the term structure of spot and forward rates produce significantly different results. Jordan and Mansi (2003) introduce random errors into the bond prices that are used to estimate the term structure and they show that interpolation error is the major source of error in term structure estimation while the random error contributed only 7-8% of the total error. This suggests that the choice of the functional form is relevant in term structure estimation.
Data Description and Analysis
The spot rate yield curve is constructed using US dollar LIBOR rates for maturities ranging from one to twelve months and swap rates for annual maturities ranging from two years up to five years. The US dollar LIBOR data for the period from Previous literature relies on conventional wisdom to use 30 for the number of days in each month although US LIBOR rates are calculated on the actual/360 basis. The actual number of days in the deposit period that LIBOR covers is not necessarily a multiplier of 30 although the difference in spot rates for short maturities computed based on the actual/360 count versus those based on the 30/360 day count is negligible but the discrepancy increases monotonically with the maturity. The impact of such discrepancy on forward rates has not been reported previously. Since our interpolation technique requires the use of continuously compounded rates, we convert the reported LIBOR rates into continuously compounded rates with the actual/365 day count that are subsequently used to build the spot yield curve and perform the analysis of the discrepancy effect that the 30/360 day count convention would produce for the continuously compounded forward rates. We find that for our sample the average absolute differences in implied continuously compounded forward rates for monthly maturities from one to nine months are relatively low, exceeding a basis point only on one occasion, for the shortest maturity, but decline monotonically afterwards. We are most interested in absolute difference for the three-month forward rate since our derivation of the convexity adjustment is based on the comparison of the observed three-month Eurodollar futures rates/prices and the 9 See French and Roll (1986) for details respective forward rates/prices. The difference is less than a half of a basis point (0.42 of a basis point, to be exact) and we may conclude that little bias in results reported in previous literature may be accounted to the usage of approximate maturity dates when building the yield curve.
Our original sample contains one-year swap rates starting from 6/21/1996. Before that date swap rates with maturity of one year are unavailable and for that part of the sample we generate swap rates using 6-month and 12-month LIBOR rates. This surrogate swap rate is subsequently used with quoted swap rates of longer maturities to estimate the swap rate curve. For that matter it is interesting to see how the original one-year swap rate in the subsample starting from 6/21/1996 would differ from the surrogate one-year swap rate derived from the observed six-and 12-month LIBOR rates. If the difference is too large meaning that swap market assigns a sizable premium to the one-year swap rates associated with default risk and other factors that would reveal a presence of inconsistency in our model. The average difference between the reported one-year spot rate and the rate derived from the observed 6-and 12-month LIBOR is -5.09 basis points.
The standard deviation of such difference is 5.32 basis points. The minimum value of the difference is -45.11 basis points, the maximum is 46.41 basis points and the percentage of negative differences is 84.13 percent. The t-statistics for the test of the difference being equal to zero is 48.68. The 95% confidence interval of this difference is from -5.30 to -4.89. Hence, by the conventional criteria, this difference is considered to be statistically significant from zero. Overall, we can conclude that for the most of the subsample (73.4 percent of it) the difference is a negative single-digit value but there exists a statistically significant premium assigned by the market to the one-year swap rates if compared to the LIBOR data. For the first subsample of the futures data both opening and closing daily price quotes are available while second subsample contains only closing daily futures quotes. When using the futures data, the issue of liquidity must be taken into account. Rendleman (2004) mentions that even though Eurodollar futures are available for maturities up to 10 years, contracts with maturities beyond five years are comparatively illiquid. Piterbarg and Renedo (2004) Grinblatt and Jegadeesh (1996) and Chance (2003) use in their analysis contracts with expiration up to nine months. In all three aforementioned papers the time horizon is limited to nine months due to the fact that those papers use LIBOR rates exclusively to construct the term structure of spot rates which is used further to estimate forward rates or prices and time span of LIBOR maturities is limited by twelve months. Futures contracts that are not parts of the quarterly expiration cycle (March-June-September-December) are also deemed relatively illiquid. We choose to use futures contracts that expire not later than three years from the current date and only those futures that belong to the quarterly expiration cycle are considered. Table 2 contains information related to the asynchronicity bias that arises from the fact that forward rates are derived using LIBOR and swap rates that are reported at 6.30 Table 2 presents data about daily absolute changes in continuously compounded futures rates. Note that such rates are of derived nature as described in the previous part of the paper: reported futures quotes are used to calculate the rates and necessary conversions for compounding and day count are also performed.
The average daily absolute difference in futures rates ranges from 3.07 basis points in 1997 to 5.45 basis points in 1992. There are several months in the sample when the average daily volatility is relatively low (less than 2.50 basis points) and a few periods when the volatility was relatively high (above 7 basis points). The latter includes basis points of the forward-futures rate differential on a particular trading day.
Estimation Results
In order to construct the swap term structure we employ swap rates with annual maturities ranging from one to five years. The Mansi-Phillips interpolation technique is used for that purpose and the loss function is defined as the sum of equally weighted swap rate errors. To construct the spot term structure, we use all twelve monthly LIBOR rates and 1.5-, 2-, 2.5-, 3-, 3.5-, 4-, 4.5-and 5-year implied spot rates derived from the estimated swap curve, which sums up to 20 knot points. The extended Nelson-Siegel method is employed and the loss function used is also the sum of equally weighted squared errors of rates. The assignment of weights tied to the inverse of duration as in (20) would tend to produce smaller errors for rates for shorter maturities and larger errors for rates applied for longer maturities which is especially unwelcome when a large number of knot points is employed since this would result in much larger interpolation errors on the right end of the curve. In the context of the convexity adjustment analysis, this would make the results for the forward-futures differentials calculated for longer maturities prone to interpolation error and, thus, less reliable.
To mitigate the influence of interpolation error in the analysis of the forwardfutures differential we introduce criteria for an interpolated yield curve that would allow it to be included in the final sample. For the swap rate curve, a yield curve on a particular business day is considered to satisfy the interpolation criteria if the sum of all five absolute fitted errors is below 15 basis points and each absolute error does not exceed 5 basis points. That leaves us with fitted daily swap rate curves for 4249 business days. For the spot rate term structure, there are two types of interpolation condition depending on the number of knots employed. For that part of the sample when swap rates are unavailable and only all twelve LIBOR rates are used to build the curve, the interpolation condition to be satisfied is the sum of all twelve absolute fitted errors must be below 25 basis points and each absolute error must not exceed 5 basis points. For the part of the sample when implied spot rates for maturities beyond one year are added, the condition is the sum of all twenty absolute fitted errors must be below 40 basis points and each absolute error must not exceed 5 basis points. That leaves us with fitted daily spot rate curves for 3991 business days. This is the final refined sample that will be used to compute forward rates and forward prices that will be subsequently matched with respective actual futures rates and futures prices.
We construct the futures-forward rate differentials in the following manner. We The results are not safe from the errors in reported data. For example, the maximum value of the differential for the shortest maturity range in the sample reported in 1988 -1991 , 1992 -1995 , 1996 -1999 -2003 -2007 . During 1988 -1991 Since futures and forward rates and prices are negatively related, we expect to observe the same signs for forward-futures price differentials as they were for respective futuresforward rate differentials unless the pricing feature of the Eurodollar futures makes its contribution to the results for the forward-futures price differentials. Table 4 has a similar format to that of Table 3 .
The first result that attracts attention is a more pronounced positive relationship between the size of the price differential and the time to maturity: although the intermediate peak is also reached for the 601-630 maturity range, the fall for subsequent maturities is not significant and a new rise in the average value of the differential takes place starting at the 781-810 range. The maximum value of the mean is reached at the 1051-1080 range while the maximum value of the median is reached at the longest range of maturities in the sample. Both mean and median stay positive for all maturity ranges in the sample and the percentage of negative occurrences of the price differential is substantially lower if compared to results in Table 3 . The latter is always below 31 percent and is in single digits for more than a half of the sample, predominantly, for longer maturities. These observations allow to conclude that the unique feature of the Eurodollar futures settlement attributes positively to the relationship between the size of the differential and the time to maturity. The standard deviations of the price differentials are much lower than those for the respective rate differentials suggesting that the unconventional feature of Eurodollar futures pricing attributes to the reduction of volatility in the reported results. The latter finding provides support in favor of performing the convexity adjustment analysis price-wise rather than rate-wise since the latter would be more prone to possible data imperfections and interpolation error resulting in higher deviations among the reported results. Yet, there is no support for the assertion that the unusual nature of the Eurodollar futures pricing could serve as the explanation for the observed anomalies in the behavior of the futures-forward rate differential.
So far, the results obtained for the futures-forward rate differential and the forward-futures price differential are somewhat unexpected in the wake of theoretical predictions and early empirical findings: the average values of the two differentials are much smaller than those reported in previous studies, the rate differential turns negative on many occasions and time to expiration does not seem to contribute much to the size of the differential even if maturity is extended to three years while previous literature had it limited up to 12 months. We further employ several robustness check techniques to verify our findings.
It was mentioned earlier in the paper that asynchronicity error arising because of the difference of 10 hours in reported rates used to construct the term structure of spot rates and the closing futures quotes used to compute futures rates and prices may reach three-to-five basis points on average. It remains a question how much such difference could contribute to the futures-forward differential. Even if the asynchronicity error does take place, its size relative to the reported results in Table 3 would not be able to explain such a miniscule difference in the differential across maturities or such a large number of negative occurrences of the differential.
To mitigate the asynchronicity error we turn to opening daily futures quotes As expected though, asynchronicity is not able to explain the small size of the average differential reported in Table 3 and Table 4 , the substantial number of negative occurrences in the rate differential or the visible lack of a stable relationship between the magnitude of the differential and the time to expiration. To exclude the presence of the asynchronicity error any further, for the rest of the analysis in the paper we use opening futures quotes.
It is reasonable to suggest that short-term volatility in interest rates may cause the differential to observe erratic variations and lead to a number of its negative values on many occasions. We already saw that asynchronicity which itself can serve as a proxy for implied forward rates (prices) determined for the date two business days later which creates a bias for the observed differential. The higher is the volatility, the larger the bias is expected to be. Table 6 shows statistics for the original sample when futures rates and prices are aligned with implied forwards by the value date of the latter. Compared to results in Table 3 and Table 4 , we observe the same mixed picture: low averages and high percentage of negative occurrences of the rate differential. On many occasions average values of the futures-forward rate and forward-futures price differentials are even lower than those recorded previously with the frequency of negative observations staying roughly unchanged across all maturities. The two-sample t-test for equal means when the value dates are used versus when the settlement dates are taken for the alignment purposes shows that the hypothesis of equal means cannot be rejected at 10 percent level of significance across all maturity groups. We conclude that the two business day lag between the fixing (settlement) date of the implied forward rate and price and its transaction (value) date cannot be attributed to the observed abnormally high frequency of negative values of the rate differential or the low average magnitudes of both rate and price differential across the maturities.
As was mentioned in earlier sections, the theoretical literature provides some factors that are expected to explain the variation in the differentials. Such factors include time to expiration (maturity), the level of interest rates and its volatility, and volatility of the volatility. All aforementioned factors are believed to positively influence both the futures-forward rate differential and the forward-futures price differential. Regression analysis is to be performed to verify theoretical postulates. All respective differentials that were computed using opening futures daily quotes are bundled in the sample and independent variables are calculated for those dates that differentials in the sample are present. The futures-forward rate differential is measured in basis points, maturity is measured in years. Level is taken to be the quoted annualized three-month LIBOR, the underlying of the futures contracts, expressed as a percentage. Volatility is the standard deviation of the quoted three-month LIBOR and the volatility of the volatility is the standard deviation of the standard deviation of the three-month LIBOR. The period that volatilities are calculated for must be determined and we choose to pursue with three different models depending on the length of time the volatilities are taken for. Model 1 takes monthly volatilities by which we mean the volatility taken for 21 previous business days. Model 2 uses volatilities calculated for three months, or 63 previous business days.
Model 3 employs six-months volatilities, or volatilities computed using 126 previous business days. We also add the TED spread 11 to the set of independent regressors as a proxy for the default factor. The default variable is expected to be negatively related to the size of the futures-forward rate and the forward-futures price differential.
Panel A of Table 7 shows regression results for the futures-forward rate differential. As expected, the maturity factor has a positive coefficient and it is statistically significant for all three models. However, opposite to expectations, both level and volatility have negative coefficients which are statistically significant for all three models with the exception of the volatility coefficient in Model 2. Also opposite to expectations, the default factor is positive and statistically significant across all three models. The finding that both the level and the volatility may stand behind the negative nature of the rate differential is puzzling as is the positive relationship between the value of the differential and the TED spread. The power of such results, however, is not significant enough due to the low values of the adjusted R-squared.
11 Difference between the three-month LIBOR and the rate on a three-month T-bill Panel B provides regression results for the forward-futures price differential.
Since rates and prices are negatively related in the context of our analysis, we expect that signs of the coefficient do not change. As the table shows, however, there are quite a few changes to that. Now all three factors that are supposed to be positively related to the differential, maturity, level and volatility, have positive and statistically significant coefficients. The default factor is both positive and statistically significant for Model 1 only while large negative and statistically significant constant term points to the largely unexplained negative nature of the price differential by the employed factors. Another improved feature of the regression results in Panel B is the much higher adjusted Rsquared. Apparently, the unique pricing feature of the Eurodollar futures finds more reflection if the regression analysis is performed price-wise although the negative nature of the forward-futures differential is largely unexplained or the TED factor is not a reliable proxy for the default factor in the context of the forward-futures rate differential analysis.
Conclusions
This paper constructs the spot rate term structure using the extended NelsonSiegel exponential model and performs the analysis of the convexity adjustment for Eurodollar futures for the period from 1988 to 2007 in the form of the futures-forward rate differential and the forward-futures price differential while extending the maturity of the respective contracts under consideration to up to three years. The extension was made possible due to the employment of swap rates that allowed us to construct a LIBOR/swap curve and derive forward rates with longer maturities. To our knowledge, this is the first empirical study that attempts to evaluate the interest rate forward-futures differential for maturities longer than a year. Our findings provide unconventional results: average differentials are too small and do not increase significantly with longer time to expiration while also on too many occasions the rate differential has a negative sign. Neither asynchronicity error, nor the interpolation error could explain the observed phenomena.
The unusual feature of the Eurodollar pricing and the two business day lag between the settlement date and the value date of implied forward rates and prices cannot be attributed to the observed results either.
The outcome of the regression analysis of the convexity adjustment on a set of conventional factors depends on whether the differential is measured as a rate difference or a price difference. If the latter is expressed as the rate differential, the regression coefficients have unexpected signs. If the price differential is chosen as an independent variable, all three major factors, the time to expiration, the level and the volatility, are positively related to the size of the forward-futures price differential and are statistically significant. Another finding from the regression analysis is that conducting it using the forward-futures price differential as the independent variable is beneficial to the one when the futures-forward rate is used instead since the former method results in much better goodness-of-fit. This allows to suggest that the unconventional feature of the way the Eurodollar futures are priced and settled is an important factor to consider and should be incorporated into the convexity adjustment analysis.
The forward contracts, unlike their futures counterparts, are subject to default risk.
The presence of the default premium in forward prices would negatively affect the size of the forward-futures differential. The default factor proxied by the TED spread, however,
is not able to capture the negative nature of the differential which remains largely unexplained. The influence of the default factor on the size of the convexity adjustment could be studied separately. In particular, the comparison of the observed spread between the forward and futures prices with its theoretical value obtained via the utilization of a no-arbitrage term structure model would provide a quantitative estimate of the default premium in futures prices. "cons" stands for constant "mat" stands for maturity "ted" stands for TED spread "vol" stands for volatility "vol/vol" stands for volatility of volatility "R2 / se" stands for R-squared and residuals standard error R-squared and residuals standard error are adjusted for degrees of freedom "obs" stands for observations * -significant at 5 percent level
